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are dened by their action on the com-
putational basis as follows:
X
d
jsi = js+ 1 (mod d)i ; (2)
Z
d

















The analysis of the generalized Pauli group as oper-
ators in spin systems and harmonic oscillators is neces-
sary for realizing qudit algorithms and error correcting
codes [7, 9]. For spin systems, we construct the genera-
tors of the generalized Pauli group in d = 2j + 1 dimen-
sions using operators that are expressed in terms of the
SU(2) angular momentum and phase operators. This
construction allows us to conveniently view a qudit as
the Hilbert space of a d{dimensional irrep of SU(2). For
qudits in a harmonic oscillator, we obtain a generalized





. A second realization of qudits is given
in terms of phase states; this realization is \dual" to the
rst realization given here, and allows for the construc-
tion of a simple SUM gate. By investigating the d!1
limit, we show that it is not the common generalization of
the Pauli group for continuous{variable quantum infor-
mation (i.e., the Heisenberg{Weyl group) with position
eigenstates as the computational basis.
We begin by constructing a realization of the gen-
eralized Pauli group for a spin system; i.e., in the d{
dimensional Hilbert space of a SU(2) irrep of highest
weight (angular momentum) j = (d 1)=2. Consider the



















; m =  j; : : : ; jg denote the standard weight
basis for the Hilbert space H
d=2j+1
for an SU(2) ir-
rep of highest weight (angular momentum) j. We use
a simplifying notation, allowing m to take all the inte-
ger (or half{integer) values modulo 2j + 1, thus dening





With the computational basis dened to be
jsi  jj; j   s)
z
; s = 0; 1; : : : ; d  1 ; (5)
the generators of the generalized Pauli group can be ex-
pressed in terms of operators that act in a natural way







































where the unitary transformation U is the Fourier trans-
form in dimension d. It is convenient to view X
d
as











=d), just as Z
d









is known as a phase operator [10]
for a spin system.





be realized as operators that act naturally on the space
H
d
of dimension d spanned by harmonic oscillator states
of no more than d   1 bosons. We dene the computa-
tional basis to be the set of harmonic oscillator energy
eigenstates
jsi  jn = si
HO







. Again, we apply the cyclic
notation jdi = j0i. Now dening the generalized Pauli
group as operators on this subspace of the harmonic os-
















which are unitary on H
d
. Again, we view X
d
as the















is the Pegg{Barnett phase
operator [11], which is well{dened for nite d. We will
call this representation of the generalized Pauli group the
number representation.




as unitary operators on the harmonic oscillator Hilbert
space is that it enables us to explore the d ! 1 limit
in a rigorous way; this limit yields continuous{variable
quantum computation. The limiting procedure for phase
operators has been thoroughly investigated [11, 12]. In
this limit, the computational basis remains the harmonic
oscillator energy eigenstates (now including all states s =
0; 1; : : : ;1), following Eq. (9). Note that dening the
phase operator on the innite{dimensional Hilbert space
H
1
of the harmonic oscillator presents challenges [12].
The number operator
^





conjugate in the same sense that momentum and po-
sition are conjugate, but the limit does not yield the
usual continuous{variable Pauli group: the Heisenberg{
Weyl group, with position x^ and momentum p^ opera-
tors as generators. It is also important that the states
of the computational basis for the limiting case remain
harmonic oscillator energy eigenstates, rather that posi-
tion (or momentum) eigenstates or squeezed Gaussians
as are commonly used for continuous{variable quantum
computing.




in the Hilbert space
H
d
for an irrep of SU(2) can be constructed, with a com-
putational basis given by SU(2) phase states; this repre-
sentation is \dual" to the number representation. Con-












The Pauli operator X
2
has two interpretations, each of
which can be generalized in a dierent way. In the num-
ber representation, we interpret X
2
as a cyclic number
state raising operator j1i = X
2
j0i and generalize this op-
erator as a cyclic raising operator. However, using the
relation (11), we can also view X
2
as a rotation. (Us-






, this rotation is
about the x{axis.) Thus, the state j1i is obtained (up to
a phase) by rotating j0i by an angle  about the x{axis.
The computational basis states needed for this type of
generalization to qudits are SU(2) phase states and have









). These states form
an orthonormal basis for the SU(2) irrep.
Let fjj;m)
x
; m =  j; : : : ; jg be the weight basis for an











































These states form an orthonormal basis forH
d
[10]. They
are referred to as SU(2) phase states because they are
eigenstates of a phase operator for spin systems.
The generalized Pauli operator X
d
on this computa-






























1 for both j in-











which is unitary and satises Eq. (3). Note that we can
express Z
d
























is a phase operator for a spin system.
Note that this representation of the generalized Pauli
group is \dual" to the number representation of Eqs. (6)-
(7) in the same sense that the position and momen-
tum representations of the harmonic oscillator are dual.
For the number representation, the computational basis








generates the \ladder" transformations. In the phase rep-
resentation given here, the computational basis states are




, i.e., \phase eigen-




which generates the ladder transfor-
mations via rotations about the x{axis. Both of these
representations can be considered as natural generaliza-
tions of the qubit case, because the standard computa-


























As with the number representation, this phase repre-
sentation of the generalized Pauli group can be expressed
in a harmonic oscillator Hilbert space. Again considering
the nite Hilbert space H
d








of the number representation) are replaced with har-
monic oscillator number states jni with boson number
less than d. The computational basis, then, consists of





are generated by the number operator
and Pegg{Barnett phase operator, respectively. Again,
the d ! 1 limit yields challenging problems: it is well
known that phase eigenstates do not exist in the innite{
dimensional Hilbert space H
1
of the harmonic oscilla-
tor [11].
Despite the issues involving d ! 1 phase operators,
universal qudit quantum computation is well{dened for
nite d [7]. In the following, we discuss these require-
ments in terms of an optical realization, where the har-
monic oscillators are realized as modes in a cavity; such
a realization has been discussed in [13]. However, this re-
alization is formally equivalent to any oscillator system.
To perform arbitrary unitary transformations on a sin-
gle oscillator eÆciently, one may employ a combina-
tion of linear optics, squeezing, and a nonlinear pro-
cess such as photon detection [7] or a nonlinear optical
Kerr interaction [14]. Of particular importance is to re-
alize the Fourier transform operation on a single qudit,
which takes number eigenstates to phase eigenstates and
vice versa. This operation is the generalization of the
Hadamard transformation for qubits; as it is a unitary
transformation on a single oscillator, it can be performed
eÆciently as described above.
For quantum computation, we must also realize a gate
that performs a two{qudit interaction. A simple con-























Consider two oscillators coupled by the four{wave mix-


















4Hamiltonian for an optical system describes a four{wave
mixing process in which  is proportional to the third{
order nonlinear susceptibility [15]. Let oscillator 1 be




encoded in the number state basis, and




encoded in the phase




































Thus, with xed interaction time t = 2
 1
, this Hamil-
tonian generates the SUM transformation on two qudits.









Quantum computation with multiple qudits could be
performed by coupling several modes in a single cavity;
each mode realizes a single qudit [13]. Modes are coupled
via a SUM interaction of the time described above. Note
that the control qudit for the sum operation must be
encoded in the number state basis, and the target qudit
must be in the phase state basis. The encodings of each
qudit can be swapped (between number and phase state
bases) using the Fourier transform.
In summary, we have presented realizations of qudit
quantum computation in spin systems and harmonic os-
cillators in terms of number and phase operators. The
representations of the generalized Pauli group, viewed in
terms of SU(2) or harmonic oscillator operators, allows
for qudits to be explicitly encoded into such systems. An
advantage of this scheme is that the SUM gate employs
a standard two{mode Hamiltonian to couple two qudits.
From a rigorous mathematical viewpoint, these realiza-
tions give natural extensions of the qubit{based Pauli
group, and allow for the investigation of the d!1 limit
and continuous{variable quantum computation.
By employing qudits rather that qubits, the full size
of the accessible Hilbert space can be exploited, with the
advantage of requiring fewer coupled systems for a given
quantum information process. However, the use of qudits
requires a dierent set of quantum gates than the usual
qubit rotations and two{qubit interactions that are nor-
mally assumed. The realization of a universal set of gates
using linear optics, squeezing, and a nonlinear interaction
is convenient for certain harmonic oscillator systems but
is not unique; an important challenge is to identify the
optimal set of gates for a particular system. The analy-
sis presented here provides the necessary theoretical tools
for developing qudit quantum computation in spin sys-
tems and harmonic oscillators as a promising alternative
to qubit quantum computation.
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